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Active and Robust Twisting Morphing Wings With Geometric
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Abstract—Typically, a twisting morphing wing of flying or swim-
ming robots has one spanwise shaft and many ribs, the ribs can
swing in their individual planes perpendicular to the shaft or the
spanwise direction of the wing, showing different swing angles
and different speed ratios with respect to the rotation of the shaft,
thus the wing can form various degrees of spanwise twisting as
the shaft rotates. While feasible solutions and mechanical imple-
mentations via gear transmission with tight geometric constraints
are largely unexplored. This article considers the tight geometric
constraints for such robotic twisting wing, and provides and partic-
ularly expands the analytical feasible solutions for the constraints,
as well as provides mechanical implementations for active twisting
of the wing that is driven by only one motor installed at the wing
base, which implementations are compact with low inertia, low
control complexity, and also high robustness that tolerates the
deformations (e.g., bending due to load) of the shaft. The results
serve as a design guidance and can be used for morphing wings
of flying or swimming robots, particularly for accurately active
spanwise twisting and large load transmissions to the movable
parts.

Index Terms—Active torsion, active twisting, morphing wing,
robotic wing, twisting morphing wing.

I. INTRODUCTION

A ROBOTIC arm is a type of mechanical arms, with each joint
allowing either rotational motion or translational displacement.

The wings of some aircraft, robotic birds, or robotic fish with morphing
capabilities [1]–[3], [8], [13], [14] can also be viewed as a type of
robotic arms. The degrees of freedom are the number of independent
motions. Usually, when an independent motion of a joint is expected, an
actuator (e.g., a motor) is used; while in many cases, if some joints do
not need independent motions or the motions have certain relations with
other movable parts, then such motions can be possibly implemented
without additional actuators, thus possibly with reduced mechanical
and control complexities, as well as with reduced mass inertia and
moment of inertia. This article considers such implementations with low
inertia, low complexity, and high robustness, which can be applied in,
e.g., twisting morphing wings or wing segments of flying or swimming
robots [1], [6], [7], [9].
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Twisting (or called torsion [1]) of a morphing wing is effective
for control of flying or swimming robots (e.g., flapping flight control,
roll control), various methods have been studied to achieve spanwise
twisting of morphing wings. For a typical example, SmartBird has active
twisting (active torsion) control of each wing to maximize aerodynamic
efficiency that is achieved and powered by a motor installed near
the wing tip, compared with passive twisting [1], and the twisting
distributed along the span is induced by elastic materials; while there
is relatively fewer research for morphing wings with accurate twisting
along the span and large load transmissions to movable parts [14]. The
twist deformation of wings is constructed using lattice-based cellular
structures in [3]. A morphing wing in [4] is considered by a twisting
tensegrity mechanism. The span extension of wings is considered in
[11]. The passive wings of insects are considered in [10]. Aeroelastic
structures [12] and shape memory alloys (SMA) [16] are also consid-
ered.

In this article, we focus on mechanics of active twisting wings with
tight geometric constraints. For a robotic twisting wing (or twisting
wing segments, also applicable, e.g., in the scenarios of [1], [6], [7],
[9], [19]–[21], [24]), there may exist a spanwise shaft that is driven by a
motor and a beam that is fixed and parallel to the shaft to collaboratively
support the wing, and there are some ribs that can swing in their
individual planes perpendicular to the shaft or the spanwise direction
of the wing, showing different swing angles and different speed ratios
with respect to the rotation of the shaft, thus the wing can form various
degrees of spanwise twisting as the shaft rotates; typically, the ribs
near the wing tip have larger swing angles than those near the wing
base, similar as wing twisting of birds [17], [19]–[21], and some ribs
near the wing tip can be just fixed on the shaft to rotate with the shaft
synchronously. The desired specific twisting degrees of the ribs of the
wing can be designed by experiments or computational fluid dynamics
(CFD) for a specific vehicle with its main operational condition(s),
which are outside the scope of this article and omitted here. The skin
of the wing is also omitted.

Gear transmission is usually used in robots [22], [23] and is the usual
consideration for implementations of mechanical motions, as universal
joints [15], which is more accurate and robust for wing morphing
than belt (or chain) transmissions [5] or deformations of materials and
structures (e.g., SMA [16], elastic, cellular, tensegrity structures [1], [3],
[4], [12]). This article considers straight-cut gears that are the typical
type of gears, an external gear is the one with the teeth formed on the
outer surface of a cylinder, and an internal gear is the one with the teeth
formed on the inner surface of a cylinder. For the rib that is not fixed on
the shaft, a typical solution is that, a pair of meshing external gear (input
gear) and internal gear (output gear) are installed on the shaft and the
beam, respectively, for driving this rib (Figs. 1 and 2); the gear fixed on
the shaft is used to transmit power from the motor to the rib for its swing
motion, the gear on the beam (typically through a rolling bearing and
thus not fixed on the beam) is used to support the rib and help transmit
power to the rib, with the rib fixed on the output gear. For this pair of
gears, the geometric constraints include the center distance between
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Fig. 1. Illustration of a robotic wing with the morphing capability of
spanwise twisting. δr,1 = 1/3, δr,2 = 2/3, δr,3 = 3/4, δr,4 = 1. (a) The
detailed mechanism with one pair of gears for one rib. (b) Illustration
of a whole wing. (c) γm = π/2 rad. (d) γm = −π/2 rad. A wing may
have many ribs that are omitted here. The flapping morphing and the
corresponding mechanism of the wing are also omitted here as they are
not the focus of this article.

Fig. 2. Illustration of the usual implementation of meshing external
gear A and internal gear B. The center of gear A is located at the
cross-sectional center of the shaft, the center of gear B is located at
the cross-sectional center of the beam.

the shaft and the beam (i.e., the distance between the cross-sectional
centers of the shaft and the beam), the radii of the cross-sections of
the shaft and the beam, the radii of the pitch circles, root circles, and
outside circles of the two gears, as well as the desired or designated
speed ratio (gear ratio).

For given values of the center distance between the shaft and the
beam, the radii of the cross-sections of the shaft and the beam, then the
range of the feasible speed ratios can be determined and is often limited
(Figs. 2 and 3). For some speed ratios, usual implementations may be
infeasible for tight geometric constraints for some ribs. The mechanical
design of gear transmission with the tight geometric constraints and
particularly an expansion of the feasible solutions of the constraints
thus need to be solved.

The main contributions of this article are as follows. For a twisting
morphing wing, since the gear ratios decrease for the ribs from the wing
base to the wing tip, thus, in applications, the center distance between
the shaft and the beam can be predetermined to satisfy the desired gear

Fig. 3. Feasible values of the radii of the gears and ζ for (5). Here
the values of the coordinates show the example with d0 = 25, r1 = 6,
r2 = 6, δ′A = 2, δ′B = 2, δ′′A = 1, and δ′′B = 1.

ratio for the first rib; then, for other ribs, the desired gear ratios may
be possibly lower than the feasible range. To solve the tight geometric
constraints while not increasing the radii of the gears, we first provide
the solution to allow the change of the center distance of each pair of
gears to be shorter than the center distance between the shaft and the
beam. Then, we provide the analytical feasible solutions (regions) for
the gear ratios and the radii of the gears that serve as a design guidance,
and we design the corresponding mechanical implementations that
are compact with low inertia, low control complexity, and also high
robustness that tolerates the deformations (e.g., bending due to load) of
the shaft and the beam, which design can be used for morphing wings
of flying or swimming robots, particularly for accurately active twisting
along the span and large load transmissions to movable parts that may
be better than the material-elastic induced twisting along the span for
SmartBird [1], and the motor installed at the wing base in this article
also has less mass inertia and moment of inertia, compared with the
case of the motor installed near the wing tip for SmartBird [1].

The rest of this article is organized as follows: Section II is the
problem description. Section III is the analytical feasible solutions of
the tight geometric constraints and the mechanical implementations of
a twisting morphing wing. Finally, Section IV concludes the article. A
supplementary file and a video are also provided.

II. PROBLEM DESCRIPTION

A. Illustration of Spanwise Twisting of a Morphing Wing

An example of a robotic wing with the morphing capability of
spanwise twisting is illustrated in Fig. 1 as simple as possible (the
flapping morphing is omitted here as it is not the focus of this article).
In Fig. 1(a), the motor drives the shaft, which is fixed on the rotor of the
motor, thus the motor and the shaft rotate synchronously, a beam that is
parallel to the shaft is fixed on the shell of the stator of the motor, rib 1
can swing with angle γ1 ∈ R in either the positive or negative direction
in the plane that is perpendicular to the shaft, as the motor (i.e., the
shaft) rotates with angle γm ∈ R, where γm ∈ [−γ0, γ0], and γ0 > 0.
In Fig. 1(c)–(d), there are four ribs that illustrate the spanwise twisting
morphing, rib i can swing with angle γi ∈ R, i = 1, 2, 3, 4, in either the
positive [Fig. 1(c)] or negative [Fig. 1(d)] direction, as the motor rotates
with angle γm ∈ R, rib 4 is fixed directly on the shaft. Here the positive
direction means the positive pitch angle of the wing. The shaft is used
to transmit power from the motor to the ribs. To describe the spanwise
twisting, we define δr,i := γi/γm ∈ (0, 1] as the twist-ratio of rib i.
The desired twist-ratios of the ribs can be designed by experiments
or CFD for a specific vehicle with its main operational condition(s),
which are out the scope of this article and omitted here. Typically,
twist-ratios δr,i are constant and increase for ribs i = 1, 2, . . . , which
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show increasingly spanwise twisting of the wing from the wing base to
the wing tip.

As the ribs have certain twist-ratios, then such motions can be pos-
sibly implemented without additional actuators to reduce mechanical
and control complexities, as well as reduce mass inertia and moment of
inertia. To achieve δr,i, consider gear transmission by a pair of meshing
gears with an external gear (input gear) fixed on the shaft and an internal
gear (output gear) on the beam (typically through a rolling bearing and
thus not fixed on the beam), with the rib fixed on the output gear, as in
Fig. 2, the external and internal gears are used since δr,i > 0.

B. Geometric Constraints of the Usual Implementations

The gear ratio, or speed ratio, for a pair of meshing gears is computed
as follows: consider input gear A with radius rA > 0 and angular
velocity ωA ∈ R of the pitch circle, output gear B has radius rB > 0
and angular velocityωB ∈ R of the pitch circle, the speed of the contact
point on the pitch circles is v = rAωA = rBωB ∈ R, the gear ratio is
ζ := ωA/ωB ∈ R. For meshing external gear A and internal gear B,
as will be used in this article (Fig. 2), the gear ratio is greater than
one, i.e.,

ζ :=
ωA

ωB

=
rB
rA

> 1, (1)

which is proportional to the radius of the pitch circle of gear B and
inversely proportional to the radius of the pitch circle of gear A. For
notations of ith pair of gears, we use subscript i, gear ratio ζi is
designated as the inverse of the twist-ratio, i.e., ζi = 1/δr,i, so the
gear ratios typically decrease from the wing base to the wing tip. In the
following, we consider one pair of gears, and thus, omit the subscript
of the notations for clarity.

For external gear A, radius r′A of the root circle is somewhat smaller
than that of the pitch circle, radius r′′A of the outside circle is somewhat
greater than that of the pitch circle, i.e., r′′A > rA > r′A. For internal
gear B, radius r′B of the root circle is somewhat greater than that of the
pitch circle, radius r′′B of the outside circle is somewhat smaller than
that of the pitch circle, i.e., r′B > rB > r′′B (Fig. 2).

The cross-section of the shaft is a circle with radius r1 > 0, the
cross-section of the beam is a circle with radius r2 > 0. The center
distance between the shaft and the beam is d0 > 0. Usually, r1, r2, and
d0 are predetermined, and

d0 > r1 + r2. (2)

The usual implementation is that the center of gear A is located at
the cross-sectional center of the shaft, the center of gear B is located
at the cross-sectional center of the beam (so gear A has no confliction
with the shaft, gear B has no confliction with the beam). The center
distance of the two gears is thus as

rB − rA = d0, (3)

and from (1), the gear ratio

ζ = 1 +
d0

rA
. (4)

Then, the geometric constraints for the pair of the meshing external
gear A and internal gear B are as follows (Fig. 2):⎧⎪⎪⎨

⎪⎪⎩

ζ = rB
rA

> 1,
rB − rA = d0 > 0,
d0 − r2 > r′′A > rA > r′A > r1,
r′B > d0 + r′′A > rB > r′′B > d0 + r′A

for convenience, denote δ′′A := r′′A − rA > 0, δ′A := rA − r′A > 0,
δ′B := r′B − rB > 0, δ′′B := rB − r′′B > 0; then, in the last inequality,

r′B > d0 + r′′A means δ′B > δ′′A; and r′′B > d0 + r′A means δ′A > δ′′B .
Usually, δ′A, δ′′A, δ′B , and δ′′B are very small, compared with the radii
of the gears [5]. The geometric constraints for the pair of the gears can
also be expressed as follows:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ζ = rB
rA

> 1,
rB − rA = d0 > 0,
rA ∈ (r1 + δ′A, d0 − r2 − δ′′A),
δ′B > δ′′A > 0,
δ′A > δ′′B > 0.

(5)

Thus, in (5), the range of the gear ratio is

ζ ∈
(

1 +
d0

d0 − r2 − δ′′A
, 1 +

d0

r1 + δ′A

)
. (6)

For the values of rA and rB , from (1) and (3), we have
⎧⎪⎨
⎪⎩

rA = rA(ζ) =
d0

ζ − 1
,

rB = rB(ζ) =
d0ζ

ζ − 1
= d0 +

d0

ζ − 1
.

(7)

The feasible values of the radii of the gears and ζ for (5) are shown
in Fig. 3, without geometric conflictions of the gears with respect to the
shaft and the beam.

Example 1: Let d0 = 25, r1 = 6, r2 = 6, δ′A = 2, δ′B = 2, δ′′A = 1,
δ′′B = 1. The length unit in this article is mm. For ζ = 3 that is in the
range of (6), from (7), rA = 12.5 and rB = 37.5.

C. Problem

Consider the pair of the meshing external gear A and internal
gear B, given the values of ζ, d0, r1, and r2, with d0 > r1 + r2. As
for the usual implementations, the center of gear A is located at the
cross-sectional center of the shaft, the center of gear B is located at
the cross-sectional center of the beam. If a desired or designated gear
ratio (e.g., ζ = 3/2 for the parameters of Example 1) is lower than
the range of (6), then geometric conflictions exist and such function
cannot be achieved by the usual implementation in Section II-B.

Then, for the case that the desired gear ratio is lower than the range of
(6), the problems are how to determine and expand feasible solutions of
rA, rB , ζ, and how to design mechamics for such gear ratios with low
inertia, low control complexity, and also high robustness that tolerates
the deformations (e.g., bending due to load) of the shaft and the beam?

III. MECHANICAL DESIGN AND DISCUSSION

A. Implementation of a Gear Ratio Lower Than Range (6)

The gear ratios typically decrease for the ribs from the wing base to
the wing tip, thus in applications, d0 is usually first determined to satisfy
the desired gear ratio for the first rib, then, for other ribs, the desired
gear ratios may be lower than the range of (6). To solve the geometric
conflictions of the gears with the shaft and the beam, we consider one
solution that is to allow the change of the center distance of the two
gears as

d := rB − rA, (8)

where d ∈ (0, d0], with a suitable value other than distance d0.
Remark 1: If we want a desired gear ratio that is greater than

the range of (6), we may consider the situation of d > d0, the design
procedure and the analytical feasible solutions are similar to those of the
situation d ∈ (0, d0] in the following of this section, and thus omitted
in this article for the limited space.
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Fig. 4. Example of the mechanical design (from two perspectives) and
the geometry. The left side showing the meshing gears. The right side
showing the supporting of the gears with the geometry.

For d ∈ (0, d0), the center of gear B cannot be located at the cross-
sectional center of the beam, the corresponding mechanism needs to be
designed with the complexity as simple as possible. Fig. 4 illustrates
a mechanical example: One rolling bearing (rolling bearing I) is set
on the shaft, its inner ring (or called inner race) is fixed on the shaft
and thus rotates synchroneouly with the shaft, its the outer ring (or
called outer race) is stationary that is fixed on supporting part I, with
the thickness (the difference of the radii of the outer and inner rings) of
rolling bearing I as b1 > 0. Supporting part I contains rolling bearing
I and the beam, and serves to support another rolling bearing (rolling
bearing II). The inner ring of rolling bearing II is fixed on supporting
part I and thus is stationary, its outer ring can rotate. The supporting
part of gear B is fixed on the out ring of rolling bearing II, thus the teeth
of gear B can be set at one side of its supporting part (Fig. 4).

Denote dr as the diameter of the inner ring of rolling bearing II,
dr should satisfy dr ≥ d0 + r1 + r2 + b1. It is expected to adjust the
center of rolling bearing II that is located between the cross-sectional
center of the beam and the cross-sectional center of the shaft, with
rolling bearing II tightly containing the shaft, rolling bearing I, and
the beam. So dr has the upper limit: dr ≤ 2(d0 +max{r1 + b1, r2}),
that is

dr ∈ [d0 + r1 + r2 + b1, 2 (d0 +max {r1 + b1, r2})] (9)

and the relation of dr and d is

dr =

⎧⎪⎪⎨
⎪⎪⎩

2(d0 + r2 − d), d ∈
[

0,
d0 − r1 + r2 − b1

2

]
,

2(r1 + b1 + d), d ∈
[
d0 − r1 + r2 − b1

2
, d0

]
.

B. Robustness to Tolerate the Deformations of the Shaft

The mechanical implementations (as illustrated in Figs. 4 and 7, and
Supplementary Fig. S1) are also robust to tolerate the deformations of
the shaft and the beam due to the following reasons.
1) Supporting part I also has a function to constrain the beam and the

shaft to be parallel, and there are typically many such constraints on
the wing for the gear ratios that are greater than one; additionally,
a bearing pedestal can also be added that is fixed on the end of the
beam for parallel constraint of the shaft and the beam that has a
similar function of supporting part I.

2) Particularly, the mechanical implementations of the gear transmis-
sions are built directly on supporting part I for each pair of meshing
gears, which part can be easily made sufficiently rigid and thus
isolate the deformations of the beam and the shaft that are due to
external hydrodynamic or aerodynamic loading.

Fig. 5. Geometry of the two gears with the shaft and the beam. (a)
The case that the envelop of gear B contains the beam. (b) The case
that the envelop of gear B does not contain the beam.

Fig. 6. Illustration of the feasible solutions (regions) of rA and rB with
respect to ζ, and the feasible region of ζ with respect to d, respectively.
Here the values of the coordinates show the example with d0 = 25,
r1 = 6, r2 = 6, δ′A = 2, δ′B = 2, δ′′A = 1, δ′′B = 1. (a) Feasible regions
for inequalities (11) and the range of ζ with respect to d. (b) Feasible
regions for inequalities (13) and the range of ζ with respect to d.

Fig. 7. Mechanical design and implementation of the gear transmis-
sion with ζ = 3/2. The left is the CAD model, the right is the physical
implementation.
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C. Generally Geometric Constraints

Consider the center of gear A that is located at the cross-sectional
center of the shaft (thus no confliction with the shaft), the center of gear
B can be located between the cross-sectional centers of the shaft and
the beam, as with (8), thus, the gear ratio

ζ = 1 +
d

rA
> 1. (10)

Then, we have the geometric constraints with the two cases:
If the envelop of gear B contains the beam, as Fig. 5(a), then the

geometric constraints are as follows:
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ζ = rB
rA

> 1,
d = rB − rA ∈ (0, d0],
rA ∈ (r1 + δ′A, d0 − r2 − δ′′A),
rB > d0 + r2 + δ′′B − d,
δ′B > δ′′A > 0,
δ′A > δ′′B > 0,

(11)

from the third inequality, rA = rB − d > d0 + r2 + δ′′B − 2d, and
from the second inequality, we have the constraint of the radius of
gear A as: rA > max{r1 + δ′A, d0 + r2 + δ′′B − 2d} > 0 and d0 −
r2 − δ′′A > d0 + r2 + δ′′B − 2d, that is, the range of d and the range
of the gear ratio are as follows:

d ∈
(
r2 +

δ′′A + δ′′B
2

, d0

]
,

ζ ∈
(

1 +
d

d0 − r2 − δ′′A
, 1 +

d

max {r1 + δ′A, d0 + r2 + δ′′B − 2d}
)
.

(12)

Here, (11) reduces to be (5), and (12) reduces to be (6), if d = d0;
the bounds of (12) are generally lower than that of (6).

If the envelop of gear B does not contain the beam, as in Fig. 5(b),
then the geometric constraints are

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ζ = rB
rA

> 1,
d = rB − rA ∈ (0, d0],
rA ∈ (r1 + δ′A, d0 − r2 − δ′′A),
rB < d0 − r2 − δ′B − d,
δ′B > δ′′A > 0,
δ′A > δ′′B > 0.

(13)

The third inequality means rA = rB − d < d0 − r2 − δ′B − 2d, and
notice that d0 − r2 − δ′′A > d0 − r2 − δ′B − 2d always holds, so d0 −
r2 − δ′B − 2d > r1 + δ′A is required, which means the range of d , so
we have

d ∈
(

0,
d0 − r2 − δ′B − r1 − δ′A

2

)
,

ζ ∈
(

1 +
d

d0 − r2 − δ′B − 2d
, 1 +

d

r1 + δ′A

)
. (14)

Here, the values of ζ can be generally smaller than those of (12).
From (8) and (10), we have

⎧⎪⎨
⎪⎩

rA = rA(d, ζ) =
d

ζ − 1
,

rB = rB(d, ζ) =
dζ

ζ − 1
= d+

d

ζ − 1
.

In the following, we will consider the feasible solutions (regions) of
rA and rB with respect to ζ for inequalities (11) and inequalities (13),
respectively.

D. Feasible Solutions (Regions) of Constraints (11)

Denote the lower and upper boundary curves of rA as rlA,ζ and
ruA,ζ , respectively, denote the lower and upper boundary curves of rB
as rlB,ζ and ruB,ζ , respectively. For inequalities (11) or (13), the feasible
solutions (region) of rA with respect to ζ are contained by the lower,
upper, left, and right boundary curves rlA,ζ , ruA,ζ , rA,dmin,ζ(dmin), and
rA,dmax,ζ(dmax); the feasible solutions (region) of rB with respect to
ζ are contained by four boundary curves rlB,ζ , ruB,ζ , rB,dmin,ζ(dmin),
and rB,dmax,ζ(dmax), with the half-open intervals as{

rA(d, ζ) ∈ (rlA,ζ , r
u
A,ζ),

rA(d, ζ) ∈
(
rA,dmin,ζ(dmin), rA,dmax,ζ(dmax)

]
,{

rB(d, ζ) ∈ (rlB,ζ , r
u
B,ζ),

rB(d, ζ) ∈
(
rB,dmin,ζ(dmin), rB,dmax,ζ(dmax)

]
,

(15)

where the bounds for inequalities (11) are given as follows:

rlA,ζ = max {r1 + δ′A, (d0 + r2 + δ′′B)/(2ζ − 1)} ,
ruA,ζ = d0 − r2 − δ′′A,
rA,dmin,ζ(dmin) = d0 − r2 − δ′′A,
rA,dmax,ζ(dmax) = d0/(ζ − 1),

and

rlB,ζ = max {(r1 + δ′A)ζ, (d0 + r2 + δ′′B)ζ/(2ζ − 1)} ,
ruB,ζ = (d0 − r2 − δ′′A)ζ,
rB,dmin,ζ(dmin) = d0 + (δ′′B − δ′′A)/2,
rB,dmax,ζ(dmax) = d0ζ/(ζ − 1),

with range ζ given in (12). The feasible solutions (regions) of rA and
rB with respect to ζ are illustrated in Fig. 6(a).

Remark 2: Here, rlA,ζ is derived from d = rlA,ζ(ζ − 1) and rlA,ζ =

max{r1 + δ′A, d0 + r2 + δ′′B − 2rlA,ζ(ζ − 1)}; dmax = d0; dmin =
r2 + (δ′′A + δ′′B)/2; while rA,dmin,ζ(dmin) and rB,dmin,ζ(dmin) reduce
to be two points, since the lower and upper bounds of ζ(dmin) for
d = dmin are equal as 1 + (2r2 + δ′′A + δ′′B)/(2(d0 − r2 − δ′′A)).

E. Feasible Solutions (Regions) of Constraints (13)

For inequalities (13), the feasible solutions (regions) of rA and rB
with respect to ζ are given by{

rA(d, ζ) ∈ (rlA,ζ , r
u
A,ζ),

rA(d, ζ) ∈
(
rA,dmin,ζ(dmin), rA,dmax,ζ(dmax)

)
,{

rB(d, ζ) ∈ (rlB,ζ , r
u
B,ζ),

rB(d, ζ) ∈
(
rB,dmin,ζ(dmin), rB,dmax,ζ(dmax)

)
,

(16)

which has only open intervals, and in which the bounds are

rlA,ζ = r1 + δ′A,
ruA,ζ = (d0 − r2 − δ′B)/(2ζ − 1),
rA,dmin,ζ(dmin) = (r1 + δ′A, d0 − r2 − δ′B),
rA,dmax,ζ(dmax) = r1 + δ′A,

and

rlB,ζ = (r1 + δ′A)ζ,
ruB,ζ = (d0 − r2 − δ′B)ζ/(2ζ − 1),
rB,dmin,ζ(dmin) = (r1 + δ′A, d0 − r2 − δ′B),
rB,dmax,ζ(dmax) = (d0 − r2 − δ′B + r1 + δ′A)/2.

The feasible solutions (regions) of rA and rB with respect to ζ are
illustrated in Fig. 6(b).

Remark 3: Here, dmax = (d0 − r2 − δ′B − r1 − δ′A)/2; ruA,ζ is
derived from ruA,ζ = d0 − r2 − δ′B − 2ruA,ζ(ζ − 1); notice thatdmin =
0 for rA,dmin,ζ(dmin) = rB,dmin,ζ(dmin) = (r1 + δ′A, d0 − r2 − δ′B),
which represents a vertical line segment for ζ = 1; and dmax =
(d0 − r2 − δ′B − r1 − δ′A)/2, thus, the lower and upper bounds of
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ζ(dmax) are equal as 1 + (d0 − r2 − δ′B − r1 − δ′A)/(2(r1 + δ′A)), so
rA,dmax,ζ(dmax) and rB,dmax,ζ(dmax) reduce to be two points.

Remark 4: From Section III-C and D, for a same value of ζ, there
exist a range of feasible values of d, and thus, the ranges of feasible
values of rA and rB , which are flexible for design.

Example 2: In Example 1, let ζ = 4/3, from (14), for d = 3, then
rA = 9, rB = 12, as illustrated in Fig. 4. While in Example 1, let
ζ = 3/2, from (12), for d = 8.5, then rA = 17, rB = 25.5, as in Fig. 7.

There are also two physical implementations illustrated in Supple-
mentary Fig. S3, due to the limited space here.

IV. CONCLUSION

This article considers the tight geometric constraints and mechan-
ical design for active spanwise wing twisting. The analytical feasible
solutions of the constraints are provided and expanded that serve as a
design guidance, and the mechanical implementations are provided that
are compact and robust for morphing wings, particularly for accurately
active spanwise twisting and large load transmissions to the movable
parts.

There are some future considerations, e.g., the skin design with
elastic materials and a prototype vehicle with the wings will be ex-
perimented together with morphing control; the computations of the
shear force and bending moment on the shaft, and design of spanwise
bending morphing with a degree of freedom and chordwise morphing of
the wing (e.g., each rib with some segments [18]) will also be considered
in future.
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